We show that Weyl spaces provide a natural context for harmonic morphisms and we give the necessary and sufficient conditions under which on an Einstein-Weyl space of dimension four there can be defined, locally, at least five distinct foliations of dimension two which produce harmonic morphisms (Theorem 6.4 ). Also, we describe the harmonic morphisms between Einstein-Weyl spaces of dimensions four and three (Theorem 6.6 ).
Introduction
Harmonic morphisms between Riemannian manifolds are smooth maps which pull back (local) harmonic functions to harmonic functions. By the basic characterisation theorem of B. Fuglede and T. Ishihara, harmonic morphisms are harmonic maps which are horizontally weakly conformal [8] , [14] .
The simplest nontrivial examples of harmonic morphisms are given by harmonic functions from a two-dimensional oriented conformal manifold: any such harmonic morphism is, locally, the sum of a (+)holomorphic function and a (−)holomorphic function (see [3] ). Similar descriptions, in higher dimensions, can be obtained if instead of (±)holomorphic functions we use the more general notion of twistorial map [26] . A twistorial structure on a complex manifold M is given by a foliation F on a complex manifold P such that F ∩ ker dπ = {0} where π : P → M is a proper complex analytic submersion; the leaf space of F is called the twistor space of the given twistorial structure (P, M, π, F ) and is usually denoted Z(M) . It follows that, locally, we can find sections of π whose images are foliated by leaves of F ; by projecting back through π we endow M with a sheaf of complex analytic submersions. Locally, a twistorial function is the composition of such a submersion followed by a complex analytic function.
A sufficient condition for a complex analytic map ϕ : M → N between complex manifolds endowed with twistorial structures (P, M, π P , F ) and (Q, N, π Q , G ) to be twistorial, with respect to a map Φ : P → Q , is π Q • Φ = ϕ • π P and dΦ(F ) = G ; then, Φ induces a map between the twistor spaces of (P, M, π P , F ) and (Q, N, π Q , G ) which we call the twistorial representation of ϕ (with respect to Φ). To define the notion of twistorial map it is not necessary to assume that F and G are integrable; that is, we can speak about twistorial maps between manifolds endowed with almost twistorial structures (see [26, §3] for the definition of twistorial maps in full generality).
Thus, any twistorial structure on M determines a sheaf of twistorial functions F M on M ; such sheaves can be obtained by complexifying the following examples of complex valued functions:
(i) (±)holomorphic functions on a Hermitian manifold; here (M, c, J) is the (germ-unique) complexification of a Hermitian manifold, P = M + ⊔ M − , with M ± = M, and the twistor distribution F | M ± is the (∓i)eigendistribution of J (cf. [26, Example 2.3] ).
(ii) functions on a three-dimensional Einstein-Weyl space which, locally, are the composition of a horizontally conformal submersion with geodesic fibres followed by a complex analytic function; here (M 3 , c, D) is the complexification of a threedimensional Einstein-Weyl space, π : P → M is the bundle of two-dimensional degenerate spaces on (M 3 , c) and, for each p ∈ P , the subspace F p ⊆ T p P is the horizontal lift of p ⊆ T π(p) M, with respect to D (see [26, Example 2.4 ] for details about this twistorial structure).
(iii) functions on a four-dimensional anti-self-dual manifold which are holomorphic with respect to a (local) positive Hermitian structure on it; here (M 4 , c) is the complexification of a four-dimensional anti-self-dual manifold, π : P → M is the bundle of self-dual spaces on (M 4 , c) and, for each p ∈ P , the subspace F p ⊆ T p P is the horizontal lift of p ⊆ T π(p) M, with respect to the Levi-Civita connection of any local representative of c (see [26, Example 2.6 ] for details about this twistorial structure).
One of the main steps in the process of classifying harmonic morphisms is to prove that these are twistorial. For example, any harmonic morphism from an Einstein manifold of dimension four with fibres of dimension one or two is twistorial ( [23] , [26] , [29] ; cf. Corollaries 6.1 and 6.2 , below). This paper gives an answer to the following question of John C. Wood: Can (the submersive) twistorial maps be seen as harmonic morphisms? If we restrict ourselves to twistorial maps which pull back twistorial functions to twistorial functions (for example, if we work with twistorial maps, as above, with the further property that their twistorial representation is submersive) then the answer, in the affirmative, to this question follows if we work with sheaves of twistorial functions F M for which there exists a sheaf of 'harmonic' functions L such that F M ∩ L is a 'sufficiently large' subsheaf of L (in particular, if the sheaf of vector spaces generated by F M ∩ L is equal to L , like in the case of two-dimensional conformal manifolds). We argue that for each of the examples (i) , (ii) , (iii) , above, a good candidate for L can be obtained by endowing the given conformal structure with a suitable Weyl connection (the obvious one, for (ii) ).
The definition of harmonic functions on a Weyl space is given in Section 1 ; there we also show that the basic theorem of B. Fuglede and T. Ishihara generalizes to harmonic morphisms between Weyl spaces. In Section 2 , we do the same for the fundamental equation for harmonic morphisms (see [3] ).
In Section 3 , we recall the definition and the basic properties of the Weyl connection of an almost Hermitian manifold [28] ; we show that, for Hermitian manifolds, this is characterized by the property that all the (±)holomorphic functions are harmonic with respect to it. We also, prove that any holomorphic horizontally weakly conformal map between almost Hermitian manifolds endowed with their Weyl connections is harmonic and, hence, a harmonic morphism (cf. [19] , [12] ).
In Section 4 , we recall from [26] , the basic examples of twistorial maps and we study the conditions under which these are harmonic morphisms; the resulting harmonic morphisms are between Weyl spaces of dimensions m and n where (m, n) = (3, 2) , (4, 2) , (4, 3) . Thus, we obtain the following for an analytic submersion ϕ between Weyl spaces of dimensions m and n .
• If (m, n) = (3, 2) then ϕ is twistorial if and only if it is a harmonic morphism (Example 4.1 ).
• If (m, n) = (4, 2) , (4, 3) then we obtain the necessary and sufficient conditions under which ϕ is a twistorial harmonic morphism (Example 4.2 , Theorem 4.4 ).
The main purpose of Section 5 is to prove that if ϕ is a harmonic morphism from a Weyl space of dimension four to a Weyl space of dimension two or three then ϕ is twistorial if and only if the difference between the Ricci tensor of the domain and the pull-back of the Ricci tensor of the codomain is zero along the horizontal null directions (Propositions 5.3 and 5.6 ).
In Section 6 , we apply the results of Sections 4 and 5 to study harmonic morphisms from four-dimensional Einstein-Weyl spaces. Thus,
• we give the necessary and sufficient conditions under which on an EinsteinWeyl space of dimension four there can be defined, locally, at least five distinct foliations of dimension two which produce harmonic morphisms (Theorem 6.4 );
• we describe the harmonic morphisms between Einstein-Weyl spaces of dimensions four and three (Theorem 6.6 ).
We are grateful to Paul Baird for his interest in this work and to John C. Wood for useful comments.
Harmonic morphisms between Weyl spaces
In this section we shall work in the smooth and (real or complex) analytic categories; unless otherwise stated, all the manifolds are assumed to be connected. A conformal manifold (M m , c) is a manifold endowed with a reduction of its frame bundle to CO(m, K) , (K = R, C ). We shall denote by L 2 the line bundle associated to the bundle of conformal frames of (M m , c) via the mor-
In the smooth and real analytic categories L 2 is canonically oriented and so it admits a canonical square root, denoted by L ; moreover, L does not depend of c (see [5] ). In the complex analytic category such a square root can be found locally; furthermore, if m is odd then there exists a canonical choice for L (this follows from the fact that, if m is odd then, there exists a natural isomorphism of Lie groups CO(m, 
where g is any local representative of c , defines a 1-form on M which will be denoted (trace c b) ♭ (see [9] , [5] ).
The following definition is a simple generalization of the well-known notion of harmonic map (see [3] ).
where D is the connection on ϕ
Obviously, there is no loss of generality if we assume D M and D N to be torsion free. A harmonic map ϕ : (M, g) → (N, h) between Riemannian manifolds is harmonic in the sense of Definition 1.1 if M and N are endowed with the Levi-Civita connections of g and h, respectively, and M is considered with the conformal structure determined by g .
We shall always consider K (= R, C ) to be endowed with its canonical conformal structure and trivial connection (here C is considered to be a one-dimensional complex manifold). Clearly Then there exists a unique Weyl connection
for any function f (locally) defined on M.
Proof. For each local representative g of c M we define a (local) 1-form α g by
for all X ∈ T M, where ∇ g is the Levi-Civita connection of g . It is easy to prove
Hence, the family of 1-forms {α g } defines a connection on L . But any connection on L corresponds to a Weyl connection D 1 on (M, c M ) (see [9] , the 1-form α g is the Lee form of D 1 with respect to g ). Now, (1.2) is equivalent to (1.3) and the proof follows.
The following definition (cf. [8] , [14] , [3] ) will be central in this paper. Any harmonic morphism between Riemannian manifolds ϕ : 
Next we shall prove the Fuglede-Ishihara theorem ( [8] , [14] , see [3] ) for harmonic morphisms between Weyl spaces. For this we apply the standard strategy (see [3] ) . Firstly, we need an existence result for harmonic functions from Weyl spaces. Proof. This is essentially the same as for harmonic functions on Riemannian manifolds (see [3] and the references therein).
We shall give a straightforward proof assuming (M, c, D) (real or complex) analytic (cf. [20, Lemma 2] , where we assume that the metric is analytic). Let U be the domain of a normal coordinate system x 1 , . . . , x m for D, centred at x , where m = dim M. We may assume g(dx m , dx m ) = 1 , at x, for some local representative g of c over U. Hence, by passing to a smaller open neighbourhood of x , if necessary, we may assume that the hypersurface S = {x m = 0} is nowhere degenerate; equivalently, S is noncharacteristic for the second order differential operator f → trace g (Ddf ) .
Then, by further restricting U, if necessary, and by applying the Cauchy-Kovalevskaya theorem, we can find a harmonic function f , with respect to c, D, defined on U such that f and p are equal up to the first derivatives along S ; in particular, df x = v . Hence, possibly excepting
, all the second order partial derivatives of f , at x , are equal to the corresponding derivatives of p , at x . As f is harmonic, b is trace free, with respect to g , and x is the centre of the normal system of coordinates x 1 , . . . , x m , for D , the
are determined by the other second order partial derivatives, at x , of f and p , respectively, and hence must be equal. Thus (Ddf ) x = b . Remark 1.7. Let f be a harmonic function (locally defined) on a Weyl space (M, c, D) and let x ∈ M such that df x = 0 . Then there exists a local representative g of c defined on some neighbourhood U of x such that f is harmonic with respect to g (this follows, for example, from (1.3) applied to D ). However, the sheaf of harmonic functions on U , with respect to c, D , is equal to the sheaf of harmonic functions of g if and only if D is the Levi-Civita connection of g . Let (M, c M ) be a conformal manifold and let L M be the associated line bundle. Note that, the conformal structure c M corresponds to a 'musical' isomorphism
between conformal manifolds has an adjoint (dϕ) T which is a section of the vector
where c ϕ * (T N ) is the conformal structure on ϕ * (T N) induced by ϕ and c N ; Λ is
is a foliation which is locally defined by horizontally conformal submersions.
In the complex analytic category, let ϕ : (M, c M ) → (N, c N ) be a horizontally conformal submersion with nowhere degenerate fibres. Then each point point of M has an open neighbourhood U such that ϕ| U admits a dilation. In fact, by passing, if necessary, to a conformal Z 2 -covering space of M we can suppose that ϕ admits a dilation.
In the smooth (real analytic) category any horizontally conformal submersion admits a dilation. Furthermore, if ϕ :
moreover, λ is smooth (real analytic) over the set of regular points of ϕ (cf. [3] ). Now we can prove the Fuglede-Ishihara theorem for harmonic morphisms between Weyl spaces. Proof. For any function f , locally defined on M, a straightforward calculation gives
By applying Lemma 1.6 with b = 0 and for all v ∈ T *
x N, (x ∈ N), from equation (1.4) we obtain that ϕ is harmonic with respect to c M ,
by applying again Lemma 1.6 , from equation (1.4) we obtain that for all trace free
An immediate consequence of Theorem 1.9 is that any foliation which produces harmonic morphisms is a conformal foliation (cf. [3] ).
The fundamental equation
In this section we shall work in the smooth and (real or complex) analytic categories. Let 
. Then, as the morphisms of Lie groups
Conversely, if c V and c H are (the bundles of conformal frames of) conformal structures on the complementary distributions V and H , respectively, then c V + c H is a reduction of the bundle of linear frames on M m to CO(m−n) ×CO(n) and, it is easy to see
, where H = (0, ∞), · in the smooth and real analytic categories, and H = C \ {0}, · in the complex analytic category. As
Example 2.1 ( [4]
). Let M be a manifold endowed with two complementary distributions V and
for local sections X of H and U of V . Suppose that M is endowed with a conformal structure c M with respect to which V is nondegenerate and
where n is the dimension of the distribution H , D Bott induces a partial connection on L which will also be denoted D Bott ; the local connection form of this connection with respect to a local section of L , corresponding to a local representative g of c M , is
with nowhere degenerate fibres between Weyl spaces. We shall denote, as usual (see, for example, [3] 
Weyl partial connections, with respect to V , on (H , c M | H ) , over H , which will be denoted H D M and D N , respectively. (Recall (see [26] ) that a Weyl partial connection D on (H , c) , over H , is a conformal partial connection D on (H , c) whose torsion tensor field T , with respect to V , defined by 
for local sections U and V of V (see [5] , cf. [3] ). A straightforward calculation gives
Now let g be a local representative of c M , corresponding to some local section s of L , and let α M and α N be the Lee forms of D M and D N , respectively, with respect to g . Recall (see [9] ) that α M (α N ) is the local connection form of D M (D N ) with respect to s . Also, it is easy to prove that
where B V is the second fundamental form of V with respect to (the Levi-Civita connection of) g . It follows that (2.2) is equivalent to
The proof follows from Example 2.1 . 
3) Another consequence of Proposition 2.2 is that if D 1 and D 2 are Weyl connections on a conformal manifold (N, c N ) , of dimension not equal to two, and
, is a surjective harmonic morphism with nowhere degenerate fibres then
We shall say that V is minimal, with respect to
then V is minimal, with respect to D M , if and only if D M and D Bott induce the same partial connection on L , over H (cf. [5] ). Similar to the case of harmonic morphisms between Riemannian manifolds, from the fundamental equation (2.1) , we obtain the following. 
Let (M, c M ) be a conformal manifold endowed with a conformal foliation V . Note that, if V is nowhere degenerate then L is basic (with respect to V ). Indeed, for any point x ∈ M there exists an open neighbourhood U, of x , on which there can be defined a horizontally conformal submersion ϕ : (U, c M | U ) → (N, c N ) which defines V on U and which admits a dilation λ . Then λ is an isomorphism between L| U and ϕ * (L N ).
The following proposition follows easily from (2.1) .
endowed with a nowhere degenerate conformal foliation V .
and only if its leaves are minimal.
We end this section with an example of a Weyl connection which will be useful later on. For each local representative g of c M define a (local) 1-form α g by (2.5) 
Harmonic maps and morphisms between almost Hermitian manifolds
In this section we shall work in the smooth and (real or complex) analytic categories. An almost Hermitian (conformal) manifold is a triple (M, c, J) where (M, c) is a conformal manifold and J is a compatible almost complex structure; that is, if we consider c as an 
Proof.
Let m = 2n , (n ≥ 2) . From the fact that ω is an L 2 -valued almost symplectic structure on M, it follows (see [5] ) that there exists a unique connection D on L 2 such that
We shall denote by the same letter D the induced connection on L and the corresponding Weyl connection on (M,
It is easy to prove that (3.1)
is equivalent to the fact that, for any local section s of L , the local connection form of D , with respect to s , is equal to
times the Lee form of J , with respect to g s .
Furthermore, (3.1) is also equivalent to
. . , X n , JX n . Therefore to end the proof it is sufficient to show that for any Weyl connection D on (M, c) we have
for any Y ∈ T M and where g is the metric determined by the conformal frame X 1 , JX 1 , · · · , X n , JX n . Indeed, as Dc = 0 we have (Dω)(X, Y ) = c((DJ)(X), Y ) and (Dω)(X, JX) = 0 , (X, Y ∈ T M) . Therefore Let ∇ be the Levi-Civita connection of a local representative g of c . Then
On the other hand, the condition (ii) Any (±)holomorphic function of (M, J) is a harmonic function of (M, c, D) . See Proposition 3.8 for a reformulation of this equivalence, in the complex analytic category.
Next, we prove the following useful lemma. Proof. It is easy to prove that, for X, Y ∈ T M, we have
The proof follows.
From Lemma 3.4 we easily obtain the following proposition (cf. Remark 3.3(2) ).
Proposition 3.5 (cf. [19] , [12] ). Let (M, c M , J M ) and (N, c N , J N ) be almost
( 
Corollary 3.6. Any holomorphic map from an almost Hermitian manifold, endowed with its Weyl connection, to a two-dimensional oriented conformal manifold is a harmonic morphism.
The Weyl connections of Example 2.6 and Definition 3.2 can be generalized as follows.
Remark 3.7. Let (M, c) be a conformal manifold, dim M = m , endowed with a section P of End(T M) and let P = (m − 1)P + P * − trace(P )Id T M . It is easy to prove that if P is invertible at each point then for any 1-form α on M there exists a unique Weyl connection D on (M, c) such that trace c (DP ) ♭ = α .
Sufficient conditions under which P is invertible at each point are: (a) P is self-adjoint and 1 m trace(P ) is not an eigenvalue of P (for example, if P = V of Example 2.6 ).
(b) P is skew-adjoint, invertible at each point and m ≥ 3 (for example, if P = J of Definition 3.2 ).
Furthermore, Proposition 3.5(ii) can be easily generalized to the case when P satisfies condition (b) .
The result of Proposition 3.5(ii) can be extended as follows. .) It follows that the Weyl connection of
H are the integrability tensors of V , H , respectively, * V , * H are the Hodge star-operators of (V , c M | V ) and (H , c M | H ) , respectively, and [5] ; equivalently, the Lee form of J M with respect to any local representative g of c M is equal to Proposition 3.9 (cf. [29] ). The following assertions are equivalent:
(ii) The almost complex structure J M is parallel along the fibres of ϕ , with
Proof. Firstly, we shall write the proof in the complex analytic category. Let F and F be the eigendistributions of J M . Then J M is integrable if and only if F and F are integrable. Also, note that, assertion (ii) holds if and only if F and F are parallel, with respect to D M , along V (= ker dϕ) .
Let f and f be the components of ϕ with respect to null local coordinates on (N 2 , c N ) . In the smooth and real analytic categories essentially the same argument applies to the complexification (dϕ)
Harmonic morphisms and twistorial maps
In this section we shall work in the complex analytic category. We continue the study, initiated in the previous section, of the relation between harmonic morphisms and twistorial maps. We start with a brief presentation of the examples of twistorial maps with which we shall work; more details can be found in [26] . 
is a harmonic morphism. More generally, by Proposi- As both V and H are distributions of odd dimensions, the orientation of (M 4 , c M ) corresponds to an isomorphism between the line bundles canonically associated to the conformal structures induced by c M on V and H . Hence, as V is one-dimensional, both these line bundles are isomorphic to V . Therefore if we apply the Hodge star-operator * H of (H , c M | H ) to the integrability tensor 
is horizontally conformal and the curva-
is anti-self-dual then the following assertions can be added to this list [5] (cf. [13] , [15] ; see [26] 
where we have used the isomorphism V = ϕ * (L N ) which corresponds to the ori-
Proof. Assertion (i) is equivalent to the fact that for any positively oriented conformal local frame X 0 , X 1 , X 2 , X 3 such that X 0 is tangent to the fibres of ϕ and
where g is the local representative of c M determined by X 0 , X 1 , X 2 , X 3 . An easy calculation shows that (4.3) is equivalent to
where α M is the Lee form of D M with respect to g . It follows that (i) ⇐⇒ (ii) .
The implication (iv)=⇒(i) is trivial. Conversely, if (i) holds then, as π N is proper, dΦ(D M ) is a connection on P N whose holonomy group is contained in the group of (complex analytic) diffeomorphisms of CP 1 . Hence, the holonomy group 
kX × ξ for any local sections X of H and ξ of V * ⊗ H , where k is the section of
Thus, the partial connection over H induced by the pull-back by ϕ of ∇ is equal to ∇. Consequently, k is the pull-back by ϕ of k . The theorem is proved.
For later use, we formulate the following definition (cf. [10] , [6] ). From Theorem 4.4 and Remark 4.6 , we obtain the following result. 
Relations between the twistoriality of harmonic morphisms and the Ricci tensor
In this section we shall work in the complex analytic category. Here, by a real conformal manifold we mean the (germ-unique) complexification of a real analytic conformal manifold; similarly, we sometimes work with real Weyl spaces.
The following lemma follows from a straightforward computation. 
where
Remark 5.2. 1) In Lemma 5.1(i) the condition F ⊥ integrable is superfluous.
It follows that from any three-dimensional conformal manifold we can, locally, define horizontally conformal submersions with one-dimensional nowhere degenerate fibres tangent to any given direction at a point. A similar statement holds for real analytic three-dimensional conformal manifolds.
2) A relation slightly longer than in Lemma 5.1(ii) can be obtained, for a foliation F by null geodesics on a four-dimensional Weyl space, without the assumption F ⊥ is integrable. 
Harmonic morphisms from four-dimensional Einstein-Weyl spaces
In this section, we shall work in the complex analytic category; here, as in the previous section, by a real conformal manifold (Weyl space) we mean the complexification of a real analytic conformal manifold (Weyl space).
From Proposition 5.6 , we obtain the following two corollaries.
Corollary 6.1 (cf. [29] , [26] Next, we give the necessary and sufficient conditions under which on a real Einstein-Weyl space of dimension four there can be defined, locally, at least five distinct real foliations of dimension two which produce harmonic morphisms (cf. Remark 5.4(1) ). Finally, we describe the harmonic morphisms with nowhere degenerate fibres between Einstein-Weyl spaces of dimensions four and three. 
